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ABSTRACT
We have recently developed a neutron star model fulfilling global and not local charge neutrality, both in the
static and in the uniformly rotating cases. The model is described by the coupled Einstein-Maxwell-Thomas-
Fermi (EMTF) equations, in which all fundamental interactions are accounted for in the framework of general
relativity and relativistic mean field theory. Uniform rotation is introduced following the Hartle’s formalism.
We show that the use of realistic parameters of rotating neutron stars obtained from numerical integration of
the self-consistent axisymmetric general relativistic equations of equilibrium leads to values of the magnetic
field and radiation efficiency of pulsars very different from estimates based on fiducial parameters assuming
a neutron star mass, M = 1.4 M⊙, radius R = 10 km, and moment of inertia, I = 1045 g cm2. In addition,
we compare and contrast the magnetic field inferred from the traditional Newtonian rotating magnetic dipole
model with respect to the one obtained from its general relativistic analog which takes into due account the
effect of the finite size of the source. We apply these considerations to the specific high-magnetic field pulsars
class and show that, indeed, all these sources can be described as canonical pulsars driven by the rotational
energy of the neutron star, and with magnetic fields lower than the quantum critical field for any value of the
neutron star mass.
Subject headings: Neutron Stars; Nuclear Matter Equation of State; General Relativity.
1. INTRODUCTION
The traditional formula used in pulsar astrophysics litera-
ture to infer the pulsar’s magnetic field originated from the
pioneer hypothesis of Gold (1968) and Pacini (1968), who
first stressed the role of the rotational energy of the neutron
star as an energy reservoir for the pulsar’s activity. The sur-
face magnetic field of pulsars has been since then estimated
(see, e.g., Gunn & Ostriker 1969; Ostriker & Gunn 1969; Fer-
rari & Ruffini 1969) by equating the rotation energy loss of
the neutron star,
˙Erot = −4π2I
˙P
P3
, (1)
to the radiating power of a rotating magnetic point dipole in
vacuum,
Pdip = −
2
3
µ2⊥Ω
4
c3
. (2)
Here Ω is the rotation angular velocity of the star, µ⊥ =
µ sin χ is the component of the magnetic dipole µ = BR3 per-
pendicular to the rotation axis being B the magnetic field at
the equator, and χ denotes the inclination angle of the mag-
netic dipole with respect to the rotation axis. Under these
assumptions, the magnetic field is estimated as
B sinχ =
(
3c3
8π2
I
R6
P ˙P
)1/2
, (3)
where P = 2π/Ω and ˙P are the rotational period and the
spin-down rate of the pulsar, which are observational proper-
ties, while the moment of inertia I and the radius R of the star
are model dependent properties.
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It is worth to recall that the electromagnetic power given by
Eq. (2) of the above simplified rotating magnetic point dipole
model coincides, in the so-called wave zone approximation
(r ≫ c/Ω = 1/k = λ/2π, where k is the wave number and λ
the wavelength), with the one obtained from the classic work
by Deutsch (1955), where the exterior (vacuum) electromag-
netic field of a uniformly rotating, perfectly conducting star
with a misaligned magnetic dipole were obtained as an exact
closed-form analytic solution of the Maxwell equations in flat
spacetime.
General considerations on the nature of pulsars are often
extracted in the literature from the application of the above
formulas with fiducial parameters of a pulsar: a canonical
neutron star of mass M = 1.4M⊙, radius R = 10 km, and
moment of inertia I = 1045 g cm2, (see e.g. Caraveo 2014,
and references therein). For these fiducial parameters, Eq. (1)
becomes
˙E frot = −3.95 × 1046
˙P
P3
erg s−1 , (4)
and, Eq. (3),
B f sin χ = 3.2 × 1019
(
P ˙P
)1/2
G . (5)
We focus in this work in the interesting class referred to as
high-magnetic field pulsars (see, e.g., Ng & Kaspi 2011). In
Table 1 (Ng & Kaspi 2011; Zhu et al. 2011), we show a sam-
ple of the high-magnetic field pulsar class with their prop-
erties as inferred from the fiducial formulas (5) and (4) for
the surface magnetic field and rotational energy loss (see sec-
ond and fourth column of the table, respectively). Notice that
magnetic fields with values higher than the critical field for
quantum electrodynamical effects,
Bc =
m2ec
2
e~
= 4.41 × 1013 G , (6)
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appear, and in some cases also luminosities higher than the
rotational power of the neutron star, namely LX > | ˙E frot|.
Due to these theoretically inferred properties, it has been
suggested the possibility that this family of pulsars can be the
missing link, i.e. transition objects, between rotation-powered
pulsars and the so-called magnetars: neutron stars powered
by the decay of overcritical magnetic fields. In principle this
would lead to a large unseen population of magnetars in a
quiescence state which could be disguised as radio pulsars
(see, e.g., Zhu et al. 2011).
However, as we shall show in this work, these conclusions
might be premature since the surface magnetic fields inferred
by fiducial neutron star parameters, namely by Eq. (5), are in
general overestimated. Indeed, much lower values of the mag-
netic field are obtained when realistic structure parameters
are applied and when general relativistic corrections are in-
troduced to traditional Newtonian equation (3); see section 3.
The need of using more realistic neutron star configurations is
the result of the knowledge of a more complex nuclear equa-
tion of state, structure, and stability conditions of both static
and rotating neutron stars, acquired in the intervening years
from the seminal work of Oppenheimer & Volkoff (1939).
We show the results for neutron stars in two cases of in-
terest: 1) configurations obtained under the traditional con-
straint of local charge neutrality, and 2) configurations sub-
jected to the constraint of global charge neutrality, in which
the Coulomb interactions are introduced. For the latter con-
figurations we use our recent formulation of the neutron star
theory for both static and uniform rotation, following our pre-
vious works (Belvedere et al. 2012, 2014). These new set of
equations, which we called Einstein-Maxwell-Thomas-Fermi
equations, accounts for the weak, strong, gravitational and
electromagnetic interactions within the framework of general
relativity and relativistic nuclear mean-field theory.
We shall show that independently on the theoretical model,
different structure parameters as a function of the central den-
sity and/or rotation frequency of the star give rise to quite dif-
ferent quantitative estimates of the astrophysical observables
with respect to the use of fiducial parameters.
This work is organized as follows. In section 2 we briefly
summarize the equations of equilibrium and resulting struc-
ture from their integration of both static and uniformly rotat-
ing neutron stars. We analyze in section 3 the estimates of the
magnetic field and radiation efficiency of the high-magnetic
field pulsars class. We summarize our conclusions in section
4.
We use cgs units throughout the article unless otherwise
specified.
2. NEUTRON STAR STRUCTURE
We have recently shown (Rotondo et al. 2011b; Rueda et al.
2011; Belvedere et al. 2012), that in the case of both static
and rotating neutron stars, the Tolman-Oppenheimer-Volkoff
(TOV) system of equations (Oppenheimer & Volkoff 1939;
Tolman 1939) is superseded by the Einstein-Maxwell sys-
tem of equations coupled to the general relativistic Thomas-
Fermi equations of equilibrium, giving raise to the what
we have called the Einstein-Maxwell-Thomas-Fermi (EMTF)
equations. These new equations account for the weak,
strong, gravitational and electromagnetic interactions within
the framework of general relativity and relativistic nuclear
mean field theory.
In the TOV-like approach the condition of local charge neu-
trality is applied to each point of the configuration, while in
the EMTF equations the condition of global charge neutrality,
is imposed. It was shown in (Rotondo et al. 2011b; Rueda
et al. 2011) that the approach based on local charge neutrality
is inconsistent with the equations of motion of the particles in
the system. Consequently, the general relativistic thermody-
namic equilibrium of the star, first introduced by Klein (1949)
in the case of a self-gravitating one-component system of un-
charged particles, is not satisfied when local charge neutral-
ity is applied to a multi-component system with charged con-
stituents. The equilibrium is ensured by the constancy, along
the whole configuration, of the generalized electro-chemical
particle potentials for all the species, what we denominated
to as conservation of “Klein potentials”. When finite tem-
peratures are considered, the constancy of the gravitationally
redshifted temperature (Tolman 1930) has to be also imposed
(Rueda et al. 2011).
The weak interactions are introduced via the condition of
β-equilibrium. For the strong interactions we follow the σ-
ω-ρ nuclear model within relativistic mean field theory a´ la
Boguta & Bodmer (1977). The nuclear model is fixed by the
coupling constants and the masses of the three mesons. We
here adopt the NL3 parameter set (Lalazissis et al. 1997):
mσ=508.194 MeV, mω=782.501 MeV, mρ=763.000 MeV,
gσ=10.2170, gω=12.8680, gρ=4.4740, plus two constants that
give the strength of the self-scalar interactions, g2 = −10.4310
fm−1 and g3 = −28.8850.
The structure of the neutron star solution of the EMTF
equations of equilibrium leads to a new structure of the neu-
tron stars markedly different from the traditional configu-
rations obtained through the TOV equations (see Fig. 4 in
Belvedere et al. 2012): from the supranuclear central den-
sity up to the nuclear density ρnuc ≈ 2.7 × 1014 g cm−3, we
find the neutron star core, which is composed by a degenerate
gas of neutrons, protons, and electrons in β-equilibrium, and
is positively charged. The core is surrounded by an electron
layer a few hundreds fermi thick that fully screens its charge.
In this core-crust transition layer the electric field reaches val-
ues as large as E ∼ (mπ/me)2Ec, where Ec = m2ec3/(e~) ≈
1.3 × 1016 Volt cm−1 is the critical field for vacuum polar-
ization. The e+e− pair creation is however inhibited by Pauli
blocking (Ruffini et al. 2010). In this layer the particle den-
sities decrease until the point where global charge neutrality
is reached and the crust is found. Consequently, the core is
matched to the crust via this interface at a density ρcrust ≤ ρnuc.
In the limit ρcrust → ρnuc, the thickness of the transition layer
as well as the electric field inside it vanish, and the solu-
tion approaches the one given by local charge neutrality (see
Figs. 3 and 5 in Belvedere et al. (2012)). The crust in its
outer region ρ ≤ ρdrip ≈ 4.3 × 1011 g cm−3 is composed by
white dwarf-like material (ions and electrons), following for
instance the BPS EOS (Baym et al. 1971b). In its inner re-
gion, at densities ρ > ρdrip, free neutrons are present and the
EOS follows for instance the BBP description (Baym et al.
1971a). Configurations with ρcrust > ρdrip possess both inner
and outer crust while in the cases with ρcrust ≤ ρdrip the neu-
tron star have only outer crust. As shown by Belvedere et al.
(2012), all the above new features lead to a new mass-radius
relation of static neutron stars.
The extension of the above formulation to the case of uni-
form rotation has been recently achieved in (Belvedere et al.
2014) within the Hartle formalism (Hartle 1967). It is worth
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TABLE 1
Properties of the high-magnetic field pulsars obtained assuming fiducial neutron star parameters,
R = 10 km and I = 1045 g cm2, respectively, and using Eq. (5) with inclination angle χ = π/2 and Eq. (4).
See Zhu et al. (2011); Ng & Kaspi (2011) for additional details of these pulsars.
Pulsar B f /Bc LX (1033 erg s−1) LX/| ˙E frot | P (s) ˙P (10−12)
J1846–0258 1.11 25 − 28a , 120 − 170b 0.0031 − 0.0035a , 0.015 − 0.021b 0.326 7.083
J1819–1458c 1.13 1.8 − 2.4 6.21 − 8.28 4.263 0.575
J1734–3333 1.18 0.1 − 3.4 0.0018 − 0.0607 1.169 2.279
J1814–1744 1.24 < 43 < 91.5 1.169 2.279
J1718–3718 1.67 0.14 − 2.6 0.0875 − 1.625 3.378 1.598
J1847–0130 2.13 < 34 < 200 6.707 1.275
a in 2000, prior to the 2006 outburst
b during the outburst in 2006
c classified as a rotating radio transient (RRAT)
to underline that the influence of the induced magnetic field
owing to the rotation of the charged core of the neutron star
in the globally neutral case is negligible as we will show in
subsection 2.1. From the integration of the equations of equi-
librium, we computed in Belvedere et al. (2014), for differ-
ent central densities ρc and circular angular velocities Ω, the
mass M, polar Rp and equatorial Req radii, angular momentum
J, eccentricity ǫ, moment of inertia I, as well as quadrupole
moment Q of the configurations.
The angular momentum J of the star is given by
J =
1
6
c2
G
R4
(
dω¯
dr
)
r=R
, (7)
which is related to the angular velocity Ω by
Ω = ω¯(R) + 2G
2
c5
J
R3
, (8)
where R is the total radius of the non-rotating star and ω¯(r) =
Ω − ω(r) is the angular velocity of the fluid relative to the
local inertial frame, with ω the fluid angular velocity in the
local inertial frame.
The total mass of the configuration is
M = M0 + δM , δM = m0(R) + G
2
c7
J2
R3
, (9)
where M0 is the mass of the non-rotating star and δM is the
contribution to the mass due to the rotation, while m0 is a
second order contribution to the mass related to the pressure
perturbation.
The moment of inertia can be computed from the relation
I =
J
Ω
, (10)
which does not account for deviations from spherical symme-
try since within the Hartle formalism J is a first order function
ofΩ. This is in any way a good approximation since, owing to
the high density of neutron stars, most of the observed pulsars
are accurately described by a perturbed spherical geometry.
This can be seen for instance from the sequence of configura-
tions with period P = 10 s, shown in Fig. 1, which practically
overlaps the non-rotating mass-radius relation. The accuracy
of the approximation increases for stiffer EOS (see Benhar
et al. 2005, for details), as the ones given by σ-ω-ρ relativis-
tic nuclear mean field models.
In Fig. 1 we show the mass-radius relation that results from
the integration of the EMTF equations for the equilibrium
configurations of static and rotating neutron stars. The dashed
lines represent the non-rotating, (J = 0), sequences, while
the solid lines represent the corresponding maximally rotat-
ing (Keplerian) sequences. The pink-red and light blue lines
represent the secular instability boundaries for the global and
local charge neutrality cases, respectively. The horizontal thin
red lines give the minimum mass for the static (solid line) and
rotating (dashed line) sequences for the global charge neutral-
ity case. This minimum mass limits are the configurations
for which the gravitational binding energy vanishes, namely
below this mass the neutron star is unbound. In the case of
local charge neutrality case no minimum mass was found (see
Belvedere et al. 2014, for further details).
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Fig. 1.— Total mass versus total equatorial radius for the global (red) and
local (blue) charge neutrality cases. The dashed curves represent the static
configurations, while the solid lines are the uniformly rotating neutron stars.
The pink-red and light-blue color lines define the secular instability boundary
for the globally and locally neutral cases respectively. The horizontal thin red
lines define the minimum mass in the globally neutral case. The dots refer to
the sequence of constant period P = 10 s.
2.1. Influence of the rotationally induced magnetic field
The interior electric field generates a magnetic field inside
the neutron star once it is put into rotation. For the sake of
clarity and without loss of generality, we now give an estimate
of such an interior magnetic field by solving the Maxwell
equations in flat Minkowski background. The charge distri-
bution in the core and in the core-crust transition layer there-
fore rotate with constant angular velocityΩ around the axis of
symmetry. The magnetic field can be first written in terms of
the electromagnetic potential ~A as usual, i.e. ~B(~r) = ~∇ × ~A(~r).
The electromagnetic potential can then be rewritten in terms
of a new potential ~F(~r) by ~A(~r) = ~Ω/c2 × ~F(~r), with ~F(~r) =
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(4πǫ0)−1
∫
(~r′ρch(~r′)/(~r − ~r′))d3~r′. For a spherically symmet-
ric charge distribution ρch(r), the potential ~F can be taken
as radial, i.e. ~F(~r) = ~erF(r), being ~er the unit radial vector
(Marsh 1982). The magnetic field is thus given by
~B(~r) = Br ~er + Bθ ~eθ , (11)
where
Br =
2ΩF
c2r
cos θ , Bθ = −
2Ω
c2
[
F
r
+
r
2
d
dr
(F
r
)]
sin θ ,
(12)
are respectively the radial and the angular component of the
magnetic field, being θ the angle between r and z axis, and ~eθ
the unit vector along θ.
The Eqs. (11–12) can now be used to calculate the induced
magnetic field both in the core and the core-crust interface
shell surrounding it. Following Boshkayev et al. (2012), in
order to estimate the rotationally induced magnetic field, we
describe the core and the core-crust interface using a simpli-
fied model based on the previous works by Rotondo et al.
(2011c,a). The distribution of Np protons, np, is assumed as
constant within the core radius Rc = ∆~/(mπc)N1/3p , where
∆ is a parameter such that ∆ ≈ 1 (∆ < 1) corresponds to
nuclear (supranuclear) densities when applied to ordinary nu-
clei, i.e. for Np/A ≈ 1/2, being A = Np +Nn the total nucleon
number and Nn the total number of neutrons. The distribu-
tion of Ne = Np degenerate electrons, ne, subjected to the
equilibrium condition determined by the constancy of their
Fermi energy, EFe = µe − mec2 − eV =constant, where µe =√
(cPFe )2 + m2ec4 and V are the chemical and Coulomb poten-
tial, is computed self-consistently from the electrostatic Pois-
son equation, ∇2V(r) = −4πe(np − ne), with boundary condi-
tions of global neutrality. The electron number density is then
given by ne = (PFe )3/(3π2~3) = (e2V2 + 2mec2eV)3/2/(3π2~3).
The distribution of neutrons is hence obtained from the con-
straint of β equilibrium. From the proton and electron densi-
ties, we obtain the charge density distribution ρch = e(np−ne),
which allows us to compute the potential F, and finally the
magnetic field from Eqs. (11–12).
For a neutron star rotating with a period P ≈ 10s we obtain
Core :

Br ∼ |Bθ| ∼ 3 × 10−19Bc ,
Bcore =
√
B2r + B2θ ≈ 10−19Bc ;
(13)
Shell :

Br ∼ 3 × 10−19Bc , |Bθ| ∼ 10−1Bc ,
Bshell =
√
B2r + B2θ ≈ 10−1Bc .
(14)
We can conclude from the above estimates that the mag-
netic field in the core is enough small to safely neglect its
effect on the structure of the neutron star. We can also check
the possible effects on the shell’s structure. The magnetic,
Coulomb, rotational and gravitational energy of the shell can
be estimated respectively as
Emag ≈0.446
π~2
α1/2mπc2
N4/3p
P2
, (15)
Eel ≈0.195
π1/2mπc
2
α1/2
N2/3p , (16)
Erot ≈2
mnπ~
2
α1/2m2πc
2
N4/3p
P2
, (17)
Eg ≈−3
Gmπm2nc
α1/2~
N1/3p A , (18)
where we have used as thickness of the shell, δRc ≈
~/(√αmπc), being mp, mn and mπ the neutron, proton and
pion masses respectively, and α the fine structure constant.
We therefore obtain
Emag
|Eg|
≈0.15π
(
mPl
mn
)2 (
~
mπc
)2 Np/A
(cP)2 ≈ 3.8 × 10
−13, (19)
Eel
|Eg|
≈0.06π1/2
(
mPl
mn
)2 N1/3p
A
≈ 0.05, (20)
Erot
|Eg|
≈ 2π3
(
mn
mπ
) (
mPl
mn
)2 (
~
mπc
)2 Np/A
(cP)2 ≈ 1.2 × 10
−11,(21)
where mPl = (~c/G)1/2 is the Planck’s mass, and for the nu-
merical estimates we have used a rotation period P = 10 s,
Np/A ≈ 1/50 and A = 1057.
We can see that both the rotational and magnetic energy
are negligible corrections to the shell’s energy for a rotation
period P = 10 s, being the main contributions owing to the
gravitational and the electrostatic energy.
It is clear that the above induced magnetic field in globally
neutral neutron stars cannot be an explanation to the observed
surface magnetic fields in pulsars since the induced magnetic
field exists only in the interior up to the crust edge where
global neutrality is reached, and therefore does not emerge
up to the neutron star surface. The nature of the magnetic
field observed in pulsars represents still a major issue in as-
trophysics and it is not the objective of the present work to try
to answer such a question. The interior magnetic field in the
neutron star can be larger than the one observed in its surface,
however it is known that the effects of the magnetic field on
the properties of nuclear matter at the high supranuclear den-
sities present in the cores of neutron stars are expected to be
appreciable only for extremely, and likely unrealizable, huge
values B & 1018 G (see, e.g., Strickland et al. 2012; Isayev &
Yang 2012; Dong et al. 2013; de Lima et al. 2013, and refer-
ences therein). It implies that magnetic fields lower than these
values do not have appreciable effects either on the nuclear
equation of state or on the structure parameters of the neutron
star (Bocquet et al. 1995; Broderick et al. 2000, see, also,). It
becomes clear that the effect of the low value of the magnetic
field induced by electric field rotation in rotating globally neu-
tral neutron stars, and of the possible interior magnetic field
possibly present in the star’s interior, can be safely neglected
in the computation of the structure parameters, validating the
treatment applied in this work. As we show below in the next
section, more importantly are the innegable general relativis-
tic effects affecting the radiation field near the surface of a
rotating magnetic-dipole, i.e. the neutron star, and which can
drastically modify the estimate of the surface magnetic field.
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3. INFERENCE OF PULSAR’S PROPERTIES
We turn now to the analysis of the consequences of using
realistic general relativistic structure parameters on the infer-
ence of the magnetic field and efficiency of a pulsar in con-
verting rotational energy into electromagnetic radiation. We
focus here on the high-magnetic field pulsar class (see Ng &
Kaspi 2011) but our general qualitative results apply to all
pulsars.
As we have already stressed, the simplified picture of a
point-like magnetic dipole has been traditionally applied as a
model for pulsars of any rotation period and assuming fiducial
values for the neutron star structure parameters. It is possible
identify four major corrections that might be introduced to the
model: 1) the existence of plasma magnetosphere instead of
electrovacuum; 2) the dependence on the properties of the in-
terior (equation of state) by the neutron star structure parame-
ters such as mass, radius, and moment of inertia, with respect
to the oversimplification lead by the use of fiducial values;
3) the effects due to the relativistic fast rotation, as measured
by the fastness parameter, ΩR/c; 4) the corrections measured
by the compactness parameter GM/(c2R), introduced by the
finiteness of the mass and size of the star. We discuss now
each of these points.
The first correction depends upon the specific model of the
pulsar’s magnetosphere, which determines the electric poten-
tial developed above the neutron star surface and responsible
for the acceleration of particles forming a wind that exerts a
torque on the pulsar. However, starting from the classic work
of Goldreich & Julian (1969), many competing models of the
pulsar’s magnetosphere have been proposed and they are still
matter of debate in the literature. Therefore, we will not con-
sider this issue in the present work.
Concerning the second point, we have shown in sec-
tion 2 how the structure parameters depend on the neutron
star theory and equation of state, nuclear fermion interac-
tions strongly influence the mass-radius relation (Lattimer &
Prakash 2007, see, e.g.,), hence all the derived pulsar parame-
ters. Therefore different inferences of the magnetic field value
can be obtained as a function of the neutron star mass, and nu-
clear equation of state.
The generalization of the Deutsch’s results to the case of
relativistic rotation (Ω ∼ c/R) was obtained by Belinsky &
Ruffini (1992). The radiation power in this case was expressed
via a cumbersome integral which has to be solved numeri-
cally. The only exception is represented by the analytic ex-
pressions in the non-relativistic approximation, which leads
to the Deutsch’s solution, and in the ultra-relativistic approx-
imation when Ω approaches c/R. The Maxwell equations are
still solved there in flat Minkowski spacetime. This specific
correction is expected to be important for millisecond pulsars.
However, for the pulsar class discussed in this work, with ro-
tation periods P ∼ 10 s (hence, ΩR/c = 2πR/(cP) ∼ 10−5),
such a correction is negligible and the solution in the slow
rotation regime is sufficiently accurate.
We focus now on the fourth correction. The exact solu-
tion of the exterior electromagnetic fields of a (slowly) ro-
tating magnetic dipole aligned with the rotation axis in gen-
eral relativity was first found by Ginzburg & Ozernoi (1964,
1965), see, also, Anderson & Cohen (1970). They solved
the Einstein-Maxwell equations in the Schwarzschild back-
ground. The generalization to a general electromagnetic mul-
tipolar structure in a Schwarzschild metric was found by An-
derson & Cohen (1970). The generalization of the Deutsch’s
solution to the general relativistic case in the slow rotation
regime, and for a general misaligned dipole, was obtained in
analytic form in the near zone (r ≪ c/Ω = 1/k = λ/2π) by
Rezzolla et al. (2001, 2003) and, for the wave zone by Rez-
zolla & Ahmedov (2004). In the latter, the radiation power of
the dipole was computed as
PG.R.dip = −
2
3
µ2⊥Ω
4
c3
( f
N2
)2
, (22)
where f and N are the general relativistic corrections
f =−38
(
R
M0
)3 [
ln(N2) + 2M0
R
(
1 +
M0
R
)]
, (23)
N =
√
1 − 2M0
R
, (24)
being M0 the mass of the non-rotating configurations. Now
by equating the rotational energy loss to the above electro-
magnetic radiation power it is possible to obtain the formula
of the surface magnetic field analogous to Eq. (3) but with
general relativistic corrections:
B sinχ = N
2
f
(
3c3
8π2
I
R6
P ˙P
)1/2
. (25)
In Fig. 2 we have plotted the ratio of the magnetic field
obtained via the Newtonian formula (3) and the general rel-
ativistic formula (25) to the fiducial value obtained with (5),
for the realistic mass-radius relations of globally and locally
neutral neutron stars used in this work.
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Fig. 2.— Ratio of the magnetic field given by the Newtonian formula (3)
and the general relativistic one (25) to the fiducial value given by Eq. (5).
We have used here the realistic mass-radius relations of globally and locally
neutral static neutron stars of this work and an inclination angle χ = π/2.
We can see from this figure that, in the Newtonian case,
the inferred magnetic field increases with increasing neutron
star mass. Therefore, the configurations of maximum and
minimum mass give us respectively, in such a case, upper
and lower limits to the magnetic field. It is worth noticing
how the general relativistic formula gives us a magnetic field
lower than the Newtonian counterpart, for M/M⊙ & 1.1 and
M/M⊙ & 1.2 for the globally and locally neutral configura-
tions respectively. In addition, we find a markedly different
and interesting behavior. First, the magnetic field is extremely
close, at very low masses, with the Newtonian value, as ex-
pected; then, it deviates and reaches a maximum value for
some value of the mass, and then decreases for increasing
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masses. The magnetic field inferred from globally and lo-
cally neutral configurations coincides for large masses close
to the critical mass value, as it should be expected since
in those massive configurations the structure parameters are
dominated by the neutron star core, with very little role of the
crust. We are here using the parameters of the static configura-
tions. This is a good approximation for this family of pulsars
since their rotation periods are well far the millisecond region,
where deviations from spherical symmetry are expected. This
can be seen in Fig. 1, where the sequence of constant rotation
period P = 10 s essentially overlaps the static mass-radius
relation.
In Fig. 3 we plotted our theoretical prediction for magnetic
fields of the pulsars of Table 1 as a function of the neutron star
mass, using the general relativistic formula (25).
We find that, both in global and local neutrality case, the
assumed high-B pulsars have inferred magnetic fields lower
than the critical value for the entire range of neutron star
masses.
Concerning the efficiency of pulsars in converting rotational
energy into electromagnetic radiation, we show in Fig. 4 the
X-ray luminosity to rotation energy loss ratio, LX/ ˙Erot, as a
function of the neutron star mass, for both global and local
charge neutrality. For the sake of comparison, we also present
in Table 1 the ratio LX/ ˙E frot, where ˙E
f
rot is the rotational energy
loss as obtained from fiducial neutron star parameters given
by Eq. (4).
We find that for both globally and locally neutral neu-
tron stars we have LX < ˙Erot: 1) in PSR J1718–3718 for
M0 & 1.25 M⊙ and for the entire range of masses adopting,
respectively, the observational upper or lower limits on LX ; 2)
in PSR J1814–1744 for M0 & 0.8 M⊙ using the upper limit on
LX ; 3) for the rest of the objects in the entire range of stable
masses.
The only exception to the above result are PSR J1847–0130
and PSR J1819–1458, for which no range of masses with
LX < ˙Erot was obtained. However, for PSR J1847–0130 we
have only an upper limit for LX , so there is still room for so-
lutions with LX < ˙Erot if future observations lead to an ob-
served value lower than the present upper limit. In this line,
the only object with LX > ˙Erot for any mass is PSR J1819–
1458. For this particular object there is still the possibility
of being a rotation powered neutron star since the currently
used value of the distance to the source, 3.6 kpc, inferred from
its dispersion measure, is poorly accurate with a considerable
uncertainty of at least 25% (see McLaughlin et al. 2007, for
details). Indeed, a distance to the source 25% shorter than the
above value would imply LX < ˙Erot for this object in the mass
range M0 & 0.6 M⊙.
We notice that the efficiency obtained via fiducial param-
eters, LX/ ˙E frot, is larger than the actual value obtained with
the realistic neutron star structure in the entire range of stable
masses; see Table 1 and Fig. 4.
It is also worth to mention that the rotation energy loss
(1) depends on the neutron star structure only through the
moment of inertia, whose quantitative value can be differ-
ent for different nuclear EOS and/or owing to an improved
value accounting for deviations from the spherical geometry,
for instance considering a third-order series expansion in Ω.
However, the latter effect is negligible for this specific case
(P ≈ 4.3 s), see for instance Fig. 5 in (Benhar et al. 2005),
where no deviations of I from its spherical value appear for
such long rotation periods.
4. CONCLUDING REMARKS
We explored the consequences of a realistic model for neu-
tron stars on the inference of the astrophysical observables of
pulsars. We showed in particular that:
1) The magnetic field is overestimated when fiducial pa-
rameters are adopted, independently on the use of either the
Newtonian or the general relativistic radiation formula of the
rotating magnetic dipole; see Fig. 2.
2) The use of the Newtonian formula (3) can overestimate
the surface magnetic field of up to one order of magnitude
with respect to the general relativistic one given by Eq. (25).
We applied these considerations to the specific case of the
high-magnetic field pulsar class, for which overcritical mag-
netic fields have been obtained in the literature with the use of
fiducial neutron star parameters within the Newtonian rotat-
ing magnetic dipole model, i.e. estimating the magnetic field
through Eq. (5). We found that, instead, the magnetic field in-
ferred for these pulsars turn to be undercritical for any values
of the neutron star mass; see Fig. 3.
3) The nontrivial dependence of the inferred magnetic field
on the neutron star mass, in addition to the dependence on P
and ˙P, namely B = B(I(M0),R(M0), P, ˙P), leads to the im-
possibility of accommodating the pulsars in a typical ˙P − P
diagram together with a priori fixed values of the magnetic
field; see Fig. 3.
4) We computed the range of neutron star masses for which
the X-ray luminosity of these pulsars can be well explained
via the loss of rotational energy o the neutron star and there-
fore falling into the family of ordinary rotation-powered pul-
sars. The only possible exceptions were found to be PSR
J1847–0130 and PSR J1819–1458, which however, as we ar-
gued, still present observational uncertainties in the determi-
nation of their distances and/or luminosities that leave room
for a possible explanation in terms of spindown power. We
also showed that the efficiency of the pulsar, LX/ ˙Erot, is over-
estimated if computed with neutron star fiducial parameters.
5) We discussed the possible effects of different nuclear
models as well as the improved values of the moment of iner-
tia given by further expansion orders of the slow rotation ap-
proximation or full numerical integration of the equilibrium
equations in the rotating case. However, the former effect ap-
pears to be negligible for the long rotation periods, P ∼ 10 s,
of the high-magnetic field pulsars (see e.g. Fig. 5 in Benhar
et al. 2005). We have also given estimates of the magnetic
field induced by rotation of the interior charge distribution in
neutron stars satisfying the condition of global, but not local,
charge neutrality. We have shown that for the case of these
long rotational periods the effects of the magnetic field, both
in the core and in the core-crust transition surface of these
configurations are, in first approximation, negligible.
It is worth to underline that the validity of the results of
this work very likely apply also to different nuclear EOS
consistent with the current observational constraints, as sug-
gested by the high value of the recently measured mass of
PSR J0348+0432, M = 2.01 ± 0.04M⊙ (Antoniadis et al.
2013). Such a high value favors stiff nuclear EOS, as the one
used here based on relativistic nuclear mean field theory a´ la
Boguta & Bodmer (1977), which lead to a critical mass of the
neutron star higher than the above value.
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Fig. 3.— Magnetic field BG.R. obtained from the general relativistic magneto-dipole formula (25), in units of critical magnetic field Bc, as function of the mass
(in solar masses) for static neutron stars in the global (left panel) and local (right panel) charge neutrality cases.
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Fig. 4.— Ratio between the observed X-ray luminosity LX and the loss of rotational energy ˙Erot versus total mass of the rotating neutron star, in units of M⊙ .
Are drawn the high-B pulsar from the work by Ng & Kaspi (2011) for which a magnetic field higher than the critical field Bc is inferred, once the fiducial value
for the moment of inertia I = 1045 g cm2 is taken into account (see Table 1). Pulsars with luminosity LX defined by an upper limit are labeled with “up”, for
pulsars with luminosity LX not well established we have assumed the existent lower limits (label “min”) and upper limits (label “max”) on it. The values for the
pulsar PSR J1846-0258 are dived in prior the 2006 outburst and after the 2006 outburst (label “A.O.”). Left plot: global charge neutrality. Right plot: local charge
neutrality. The magnetic fields shown are referred to the high-magnetic field pulsars of Table 1.
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